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GLOBAL GORENSTEIN DIMENSIONS OF POLYNOMIAL RINGS
AND OF DIRECT PRODUCT OF RINGS
D. BENNIS AND N. MAHDOU
Abstract. In this paper, we extend the well-known Hilbert’s syzygy theorem
to the Gorenstein homological dimensions of rings. Also, we study the Goren-
stein homological dimensions of direct product of rings, which gives examples
of non-Noetherian rings of finite Gorenstein dimensions and infinite classical
weak dimension.
1. Introduction
Throughout this paper all rings are commutative with identity element and all
modules are unital.
Setup and Notation: Let R be a ring, and let M be an R-module.
As usual we use pdR(M), idR(M), and fdR(M) to denote, respectively, the clas-
sical projective, injective and flat dimensions of M . gldim(R) and wdim(R) are,
respectively, the classical global and weak dimensions of R.
It is by now a well-established fact that even if R to be non-Noetherian, there
exist Gorenstein projective, injective and flat dimensions of M , which are usually
denoted by GpdR(M), GidR(M), and GfdR(M), respectively. Some references are
[1, 2, 4, 5, 7].
Recently, the authors in [2] started the study of global Gorenstein dimensions
of rings, which are called, for a ring R, Gorenstein projective, injective, and weak
dimensions of R, denoted by GPD(R), GID(R), and G − wdim(R), respectively,
and, respectively, defined as follows:
GPD(R) = sup{GpdR(M) |M R−module},
GID(R) = sup{GidR(M) |M R−module}, and
G− wdim(R) = sup{GfdR(M) |M R−module}.
They proved that, for any ring R: G − wdim(R) ≤ GID(R) = GPD(R) [2,
Theorems 3.2 and 4.2]. So, according to the terminology of the classical theory
of homological dimensions of rings, the common value of GPD(R) and GID(R) is
called Gorenstein global dimension of R, and denoted by G−gldim(R).
They also proved that the Gorenstein global and weak dimensions are refine-
ments of the classical global and weak dimensions of rings, respectively. That is [2,
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Propositions 3.11 and 4.5]: G−gldim(R) ≤ gldim(R) and G−wdim(R) ≤ wdim(R),
with equality if wdim(R) is finite.
In Section 2, we are mainly interested in computing the Gorenstein dimensions
of commutative polynomial rings to generalize the fact that a polynomial ring over
Gorenstein ring is also Gorenstein. Explicitly, we extent the equalities of the well-
known Hilbert’s syzygy theorem to the Gorenstein global and weak dimensions
(please see Theorems 2.1 and 2.11).
Recall that a ring R is said to be n-Gorenstein, for a positive integer n, if it is
Noetherian and idR(R) ≤ n [8]. And R is said to be Gorenstein, if it is n-Gorenstein
for some positive integer n. These kind of rings have a characterization by the
weak and global Gorenstein dimensions of rings. Namely, we have [2, Corollary
2.3]: If R is a Noetherian ring, then G−wdim(R) = G−gldim(R), such that, for a
positive integer n, G−gldim(R) ≤ n if, and only if, R is n-Gorenstein. In the case
n = 0, we have the last equivalence without assuming in the first place that R to
be Noetherian; that is [2, Theorem 5.2.4]: G−gldim(R) = 0 if, and only if, R is
0-Gorenstein (i.e., quasi-Frobenius). Thus, the study of the Gorenstein dimensions
of polynomial rings allows us to give examples of Noetherian rings which have
finite Gorenstein global (=weak) dimension and infinite global (=weak) dimension
(see Example 2.10). Obviously, one would like to have examples out of the class
of Noetherian rings. Explicitly, one would like to have examples of a family of
non-Noetherian rings {Ri}i≥1 such that G−wdim(Ri) = i, G−gldim(Ri) > i, and
wdim(Ri) =∞ for all i ≥ 1. This will be obtained in Section 3 (Example 3.8) after
a study of the Gorenstein dimensions of direct product of rings (Theorems 3.1 and
3.5).
2. Gorenstein dimensions of polynomial rings
The aim of this section is to compute the Gorenstein global and weak dimensions
of commutative polynomial rings.
Through this section, R denotes a commutative ring, and R[X ] denotes the
polynomial ring in one indeterminate over R. We use M [X ], where M is an R-
module, to denote the R[X ]-module M ⊗R R[X ].
The first main result in this section is:
Theorem 2.1. Let R[X1, X2, ..., Xn] be the polynomial ring in n indeterminates
over R. Then: G−gldim(R[X1,X2, ...,Xn]) = G−gldim(R) + n.
To prove this theorem, we need some results.
First, we need the notion of strongly Gorenstein projective modules, which are
introduced in [1] to characterize the Gorenstein projective modules.
Definition 2.2 ([1], Definition 2.1). A module M is said to be strongly Gorenstein
projective, if there exists an exact sequence of the form: P = · · ·
f
−→ P
f
−→ P
f
−→
P
f
−→ · · · where P is a projective R-module and f is an endomorphism of P , such
that M ∼= Im(f) and such that Hom(−, Q) leaves the sequence P exact whenever Q
is a projective module.
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These strongly Gorenstein projective modules are a simple characterization, and
they are used to characterize the Gorenstein projective modules. We have:
Proposition 2.3 ([2], Proposition 3.9). A module M is strongly Gorenstein pro-
jective if, and only if, there exists a short exact sequence of modules 0 → M →
P →M → 0 where P is a projective module, and Exti(M,Q) = 0 for some integer
i > 0 and for any module Q with finite projective dimension (or for any projective
module Q).
Theorem 2.4 ([1], Theorem 2.7). A module is Gorenstein projective if, and only
if, it is a direct summand of a strongly Gorenstein projective module.
Lemma 2.5. For any R-module M , GpdR[X](M [X ]) ≤ GpdR(M).
Proof. The standard argument shows that the inequality is a simple consequence
of the implication: M is a Gorenstein projective R-module⇒M [X ] is a Gorenstein
projective R[X ]-module. So, assume M to be a Gorenstein projective R-module.
We claim that M [X ] is a Gorenstein projective R[X ]-module.
From Theorem 2.4, M is a direct summand of a strongly Gorenstein projective
R-module N . Then, by Proposition 2.3, there exists a short exact sequence of
R-modules 0 → N → P → N → 0 where P is a projective R-module and
ExtR(N,Q) = 0 for any projective R-module Q. Hence, we have the following short
exact sequence of R[X ]-modules 0 → N [X ] → P [X ] → N [X ] → 0 such that P [X ]
is a projective R[X ]-module; and from [11, Theorem 11.65], ExtR[X](N [X ], Q) ∼=
ExtR(N,Q) = 0 for every projective R[X ]-module Q (since Q is also projective R-
module). Thus, N [X ] is a strongly Gorenstein projective R[X ]-module (by Propo-
sition 2.3). Therefore, M [X ] is a Gorenstein projective R[X ]-module as a direct
summand of the strongly Gorenstein projective R[X ]-moduleN [X ] (by [7, Theorem
2.5]).
Lemma 2.6. For any short exact sequence of modules 0→ A→ B → C → 0, we
have inequality: Gpd(C) ≤ 1 + max{Gpd(A),Gpd(B)}.
Proof. The argument is analogous to the proof of [4, Corollary 1.2.9 (a)].
Lemma 2.7. Let R[X ] be the polynomial ring in one indeterminate over R. Then,
G− gldim(R[X ]) ≤ G− gldim(R) + 1.
Proof. Using Lemmas 2.6 and 2.5, the argument is analogous to the proof from
[11, Lemma 9.29].
Lemma 2.8. If all projective R[X ]-modules have finite injective dimension, then,
for any R-module M , GpdR[X](M [X ]) = GpdR(M).
In particular, G− gldim(R) ≤ G− gldim(R[X ]).
Proof. From Lemma 2.5, it remains to prove: GpdR[X](M [X ]) ≥ GpdR(M).
The standard argument shows that this inequality follows from the implication:
M [X ] is a Gorenstein projective R[X ]-module ⇒ M is a Gorenstein projective R-
module. So, assume that M [X ] is a Gorenstein projective R[X ]-module. We claim
that M is a Gorenstein projective R-module.
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From Theorem 2.4, M [X ] is a direct summand of a strongly Gorenstein projec-
tive R[X ]-module N . For such R[X ]-module N , and from Proposition 2.3, there
exists a short exact sequence of R[X ]-modules (⋆) 0 → N → P → N → 0 where
P is a projective R[X ]-module (then it is also projective as an R-module), and
ExtR[X](N,Q
′) = 0 for every R[X ]-module Q′ with finite projective dimension.
Note that M is a direct summand of N , since it is a direct summand of M [X ].
Then, to conclude the proof, it suffices, by [7, Theorem 2.5], to prove that N is
also a strongly Gorenstein projective R-module. For that, and from the short ex-
act sequence (⋆), it remains to prove, from Proposition 2.3, that ExtnR(N,L) = 0
for some integer n > 0 and for every projective R-module L. From [11, Theorem
11.65], ExtiR[X](N [X ], L)
∼= ExtiR(N,L) for every R[X ]-module L. If L is a pro-
jective R-module, then pdR[X](L) = 1 (by [9, Theorem C, page 124]). Thus, the
hypothesis implies that idR[X](L) is finite. Then, there exists an integer n > 0 such
that ExtnR[X](N [X ], L) = 0. Therefore, Ext
n
R(N,L) = 0, as desired.
Finally, G− gldim(R) ≤ G− gldim(R[X ]) is clear by above and this completes the
proof of Lamma 2.8.
Proof of Theorem 2.1. By induction on n, we may assume n = 1, such that we
write R[X ] = R[X1]. Lemmas 2.7 and 2.8 give:
G−gldim(R) ≤ G−gldim(R[X ]) ≤ G−gldim(R) + 1.
Then, we may assume that G−gldim(R) and G−gldim(R[X ]) are finite.
Let G−gldim(R) = m, for some positive integer m. From [2, Lemma 3.3], there
exist an R-module M and a projective R-module P such that: ExtmR (M,P ) 6= 0.
Then, from Rees’s theorem [11, Theorem 9.37]: Extm+1
R[X](M,P [X ])
∼= ExtmR (M,P ) 6=
0, which implies, from [7, Theorem 2.20] and since P [X ] is a projective R[X ]-
module, that GpdR[X](M) ≥ m+1. Therefore, G−gldim(R[X ]) ≥ m+1, and then
the desired equality.
Corollary 2.9. Let R[X1, X2, ..., Xn, ...] be the polynomial in infinity of indeter-
minates. Then, G−gldim(R[X1, X2, ..., Xn, ...]) =∞.
Proof. Obvious.
Theorem 2.1 allows us to give a family {Ri}i∈N of commutative rings, such that
G−gldim(Ri) = i and wdim(Ri) = ∞ for all i ∈ N, as shown by the following
example:
Example 2.10. Consider a non-semisimple quasi-Frobenius ring (for example,
K[X ]/(X2), where K is a field). Then, for every positive integer n, we have:
G−gldim(R[X1, X2, ..., Xn]) = n and wdim(R[X1, X2, ..., Xn]) =∞.
Proof. We have G−gldim(R) = 0 since R is quasi-Frobenius. On the other hand,
gldim(R)(= wdim(R)) =∞ by [2, Proposition 3.11] since gldim(R) 6= 0 (since R is
a non-semisimple ring) and R is Noetherian (since R is quasi-Frobenius).
Now, we treat the Gorenstein weak dimension of polynomial rings.
Theorem 2.11. If the polynomial ring R[X ] in one indeterminate X over R is
coherent, then: G−wdim(R[X]) = G−wdim(R) + 1.
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Proof. First, note that R = R[X ]/(X) is also coherent (by [6, Theorem 4.1.1 (1)]),
since R is a finitely presented R[X ]-module (by the short exact sequence of R[X ]-
modules 0→ R[X ]→ R[X ]→ R→ 0), and since R[X ] is coherent.
We proceed similarly to the proof of Theorem 2.1. Then, we first show that
G−wdim(R[X ]) ≤ G−wdim(R) + 1. This inequality is obtained in the same way
as the one of Corollary ?? using [7, Proposition 3.10] instead of Lemma 2.5 and
the fact that the inequality of Lemma 2.7 remains true, over coherent rings, for the
Gorenstein flat dimension case.
Secondly, we must show that G−wdim(R) ≤ G−wdim(R[X ]). For that, it suffices
to prove the inequality GfdR[X](M [X ]) ≥ GfdR(M), for every R-module M . Also,
the proof of this inequality is similar to the one in the proof of Lemma 2.8, using the
properties of strongly Gorenstein flat modules [1, Definition 3.1] ([2, Proposition
4.6] and [1, Theorem 3.5]) instead of the one of the strongly Gorenstein projective
modules used in the proof of Lemma 2.8, and using the fact that, over coherent
rings, the set of all Gorenstein flat modules is closed under direct summands [7,
Theorem 3.7]. And finally, we use [11, Theorem 11.64], [9, Theorem 202]), and [2,
Theorem 4.11 (8)] instead of [11, Theorem 11.65], [9, Theorem C, page 124], and
[2, Proposition 3.13], respectively.
Now, we have the inequality G−wdim(R) ≤ G−wdim(R[X ]) ≤ G−wdim(R) + 1,
then we may assume that G−wdim(R) and G−wdim(R[X ]) are finite.
Let G−wdim(R) = m, for some positive integer m. Hence, from [2, Theorem 4.11],
there exists a finitely presented R-module M such that ExtmR (M,R) 6= 0. Then,
from Rees’s theorem [11, Theorem 9.37]: Extm+1
R[X](M,R[X ])
∼= ExtmR (M,R) 6= 0.
The R-module M is also finitely presented as an R[X ]-module (by [6, Theorem
2.1.7], and since R is a finitely presented R[X ]-module, by the short exact sequence
of R[X ]-modules 0 → R[X ] → R[X ] → R → 0). Then, from [2, Theorem 4.11],
G−wdim(R[X ]) ≥ m+ 1, which implies the desired equality.
3. Gorenstein dimensions of direct product of rings
The aim of this section is to compute the Gorenstein global and weak dimensions
of direct product of commutative rings.
We begin by the Gorenstein global dimension case, which is a generalization
of the classical equality: gldim(Πmi=1Ri) = sup{gldim(Ri), 1 ≤ i ≤ m} where
{Ri}i=1,...,m is a family of rings [3, Chapter VI, Exercice 8, page 123].
Theorem 3.1. Let {Ri}i=1,...,m be a family of rings. Then:
G−gldim(
m∏
i=1
Ri) = sup{G−gldim(Ri), 1 ≤ i ≤ m}.
To prove this theorem, we need the following results:
Lemma 3.2. Let R → S be a ring homomorphism such that S is a projective R-
module. If M is a (strongly) Gorenstein projective R-module, then M ⊗R S is a
(strongly) Gorenstein projective S-module.
Namely, we have: GpdS(M ⊗R S) ≤ GpdR(M).
Proof. Assume at firstM to be a strongly Gorenstein projective R-module. Then,
there exists a short exact sequence of R-modules 0→ M → P →M → 0 where P
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is a projective R-module, and ExtR(M,Q) = 0 for any projective R-module Q.
Since S is a projective (then flat) R-module, we have a short exact sequence of
S-modules 0 → M ⊗R S → P ⊗R S → M ⊗R S → 0 such that P ⊗R S is a
projective S-module, and for any projective S-module (then projective R-module)
L, ExtS(M ⊗R S,L) = ExtR(M,L) = 0 (by [11, Theorem 11.65]). This implies
that M ⊗R S is a strongly Gorenstein projective S-module.
Now, let M be any arbitrary Gorenstein projective R-module. Then, it is a direct
summand of a strongly Gorenstein projective R-module N . Then, M ⊗R S is a
direct summand of the S-module N ⊗R S which is, from the reason above, strongly
Gorenstein projective. Therefore, M ⊗R S is a Gorenstein projective S-module, as
desired.
Lemma 3.3. Let {Ri}i=1,...,m be a family of rings such that all projective Ri-
modules have finite injective dimension, for i=1,...,m. Let Mi be an Ri-module
for i=1,...,m. If each Mi is a (strongly) Gorenstein projective Ri-module, then∏m
i=1Mi is a (strongly) Gorenstein projective (
∏m
i=1 Ri)-module.
Namely, we have: Gpd(Πm
i=1
Ri)(
∏m
i=1Mi) ≤ sup{GpdRi(Mi), 1 ≤ i ≤ m}.
Proof. By induction on m, it suffices to prove the assertion for m = 2.
We assume at first that Mi is a strongly Gorenstein projective Ri-module for
i = 1, 2. Then, there exists a short exact sequence of Ri-modules 0 → Mi →
Pi → Mi → 0 where Pi is a projective Ri-module. Hence, we have a short exact
sequence of R1 × R2-modules 0 → M1 ×M2 → P1 × P2 → M1 ×M2 → 0 where
P1 × P2 is a projective R1 ×R2-module (by [10, Lemma 2.5 (2)]).
On the other hand, let Q be a projective R1 ×R2-module. We have:
Q = Q⊗R1×R2 (R1 ×R2) = Q⊗R1×R2 (R1 × 0⊕ 0×R2) = Q1 ×Q2
where Qi = Q⊗R1×R2 Ri for i = 1, 2. From [10, Lemma 2.5 (2)], Qi is a projective
Ri-module for i = 1, 2. Hence, by hypothesis idRi(Qi) <∞ for i = 1, 2, and from
[3, Chapter VI, Exercice 10, page 123], idR1×R2(Qi) ≤ idRi(Qi) < ∞ for i = 1, 2.
Thus, idR1×R2(Q1 × Q2) < ∞, so Ext
k
R1×R2
(M1 × M2, Q1 × Q2) = 0 for some
positive integer k. This implies, from Proposition 2.3, that M1 ×M2 is a strongly
Gorenstein projective R1 ×R2-module.
Now, let Mi be any arbitrary Gorenstein projective Ri-module for i = 1, 2.
Then, there exist an Ri-module Gi and a strongly Gorenstein projective Ri-module
Ni for i = 1, 2 such that Mi ⊕ Gi = Ni. Then, (M1 × M2) ⊕ (G1 × G2) =
(M1 ⊕ G1) × (M2 ⊕ G2) = N1 × N2. Since, by the reason above, N1 × N2 is a
strongly Gorenstein projective R1 × R2-module, and from Theorem 2.4, M1 ×M2
is a Gorenstein projective R1 ×R2-module, as desired.
Proof of Theorem 3.1. By induction on m, it suffices to prove the equality for
m = 2. We must show that, for any positive integer d, we have the equivalence:
G−gldim(R1 ×R2) ≤ d⇐⇒ G−gldim(R1) ≤ d and G−gldim(R2) ≤ d.
Then, assume that G−gldim(R1 ×R2) ≤ d for some positive integer d.
LetMi be an Ri-module for i = 1, 2. Since each Ri is a projective R1×R2-module,
and from Lemma 3.2, we have: GpdRi(Mi) = GpdRi((M1 ×M2) ⊗R1×R2 Ri) ≤
GpdR1×R2(M1 ×M2) ≤ d. This follows that G−gldim(Ri) ≤ d for i = 1, 2.
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Conversely, assume that G−gldim(Ri) ≤ d for i = 1, 2 (where d is a positive inte-
ger), and consider an R1×R2-moduleM . We may writeM =M1×M2 whereMi =
M⊗R1×R2Ri for i = 1, 2. By hypothesis and from [2, Proposition 3.14], we may ap-
ply Lemma 3.3, and so GpdR1×R2(M1×M2) ≤ sup{GpdR1(M1),GpdR2(M2)} ≤ d.
Therefore, G−gldim(R1 ×R2) ≤ d.
We can now construct a family of non-Noetherian rings {Ri}i≥1 such that
G−gldim(Ri) = i and wdim(Ri) =∞ for all i ≥ 1, as follows:
Example 3.4. Consider a non-semisimple quasi-Frobenius ring R, and a non-
Noetherian hereditary ring S. Then, for every positive integer n, we have:
G−gldim(R × S[X1, X2, ..., Xn]) = n+ 1 and wdim(R× S[X1, X2, ..., Xn]) =∞.
Proof. Since S is a non-Noetherian hereditary ring, gldim(S) = 1. Then, the
first equality follows immediately from Hilbert’s syzygy theorem, Theorem 3.1, and
since G−gldim(R) = 0 (since R is quasi-Frobenius).
Now, if wdim(R × S[X1, X2, ..., Xn]) < ∞, then, from [2, Proposition 3.11], we
have: gldim(R × S[X1, X2, ..., Xn]) = G−gldim(R × S[X1, X2, ..., Xn]) = n + 1.
Thus, gldim(R) ≤ n + 1 (by [3, Chapter VI, Exercice 10, page 123]). But, this is
absurd, since R is a non-semisimple quasi-Frobenius ring.
Now we study the Gorenstein weak dimension case.
Theorem 3.5. Let {Ri}i=1,...,m be a family of coherent rings. Then:
G−wdim(
m∏
i=1
Ri) = sup{G−wdim(Ri), 1 ≤ i ≤ m}.
Similarly to the Gorenstein global dimension case, we need the following lemmas:
Lemma 3.6. Let {Ri}i=1,...,m be a family of coherent rings such that all injective
Ri[X ]-modules have finite flat dimension, for i=1,...,m. Let Mi be a family of Ri-
module for i=1,...,m. If each Mi is a (strongly) flat Ri-module, then
∏m
i=1Mi is a
(strongly) flat (
∏m
i=1Ri)-module.
Namely, we have: Gfd(Πm
i=1
Ri)(
∏m
i=1Mi) ≤ sup{GfdRi(Mi), 1 ≤ i ≤ m}.
Proof. First, note that Πmi=1Ri is also a coherent ring (by [6, Theorem 2.4.3]).
Using the results of (strongly) Gorenstein flat modules ([1, Theorem 3.5], [2, Propo-
sition 4.6], and [7, Theorem 3.7]), using the fact that, if I is an injective R1 ×R2-
module, then I = HomR1×R2(R1 ×R2, I) = HomR1×R2(R1, I)×HomR1×R2(R2, I)
where each of HomR1×R2(Ri, I), for i = 1, 2, is an injective Ri-module, and by
Lemma 3.7 below, the argument is similar to the proof of Lemma 3.3.
Lemma 3.7. Let R1 × R2 be a product of rings R1 and R2, and let Fi be an
Ri-module for i=1, 2. Then, fdR1×R2(F1 × F2) = sup{fdR1(F1), fdR2(F2)}.
Proof. We have (F1 × F2)⊗ (R1 × 0) = (F1 × F2)⊗ (R1 × R2 / 0×R2) = F1 × 0.
Then, since R1 is a projective R1 × R2-module, [3, Chapter VI, Exercise 10, page
123] gives: fdR1(F1 × 0) = fdR1((F1 × F2) ⊗ (R1 × 0)) ≤ fdR1×R2(F1 × F2). The
same: fdR2(0× F2) ≤ fdR1×R2(F1 × F2).
Thus, sup{fdR1(F1), fdR2(F2)} ≤ fdR1×R2(F1 × F2).
Conversely, from [3, Chapter VI, Exercise 10, page 123], we have:
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fdR1×R2(F1× 0) ≤ fdR1×0(F1× 0) = fdR1×0(F1) and fdR1×R2(0×F2) ≤ fd0×R2(0×
F2) = fd0×R2(F2). Therefore, fdR1×R2(F1×F2) = sup{fdR1×R2(F1×0), fdR1×R2(0×
F2)} ≤ sup{fdR1(F1), fdR2(F2)}, as desired.
Proof of Theorem 3.5. Using [2, Theorem 4.11], [7, Proposition 3.10], and
Lemma 3.6, the argument is similar to the proof of Theorem 3.1.
Theorem 3.5 allows us to construct a family of non-Noetherian coherent rings
{Ri}i≥1 such that G−wdim(Ri) = i, G−gldim(Ri) > i, and wdim(Ri) =∞ for all
i ≥ 1, as follows:
Example 3.8. Consider a non-semisimple quasi-Frobenius ring R and a semihered-
itary ring S which is not hereditary. Then, for every positive integer n, we have:
G−wdim(R×S[X1, X2, ..., Xn]) = n+1, G−gldim(R×S[X1, X2, ..., Xn]) > n+1,
and wdim(R × S[X1, X2, ..., Xn]) =∞.
Proof. Recall, at first, that every semihereditary ring T is stably coherent, that is
the polynomial ring T [X1, ..., Xj] is coherent for every positive integer j [6, Corol-
lary 7.3.4].
The proof of the first and the last equality is similar to the one of Example 3.4.
Now, assume, by absurd, that G−gldim(R× S[X1, X2, ..., Xn]) ≤ n+ 1.
From Theorem 3.1, G−gldim(S[X1, X2, ..., Xn]) ≤ n+1. But, since S is semihered-
itary, wdim(S) ≤ 1, then wdim(S[X1, X2, ..., Xn]) ≤ n+ 1. Thus, from [2, Propo-
sition 3.11], we have: gldim(S[X1, X2, ..., Xn]) = G−gldim(S[X1, X2, ..., Xn]) ≤
n+ 1. Hence, gldim(S) ≤ 1. But, this means that S is hereditary which is absurd
by hypothesis.
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